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Damping of a Gravitationally Stabilized Satellite
ROBERT R NEWTON*

Johns Hopkins University, Silver Spring, Md

The librations of a prolate, axially symmetric satellite can be coupled to the longitudinal
oscillations of a spring-mass system connected to the satellite The oscillations of the spring
can he heavily damped; thus, the librations can be damped The coupling for librations in
the plane of the orbit is linear in the libration amplitude, and hence is effective for all ampli-
tudes Coupling for librations normal to the orbital plane is quadratic in the amplitude, and
has low effectiveness for small amplitudes The theory of the damping is developed, and
optimum values of the system parameters are found

Introduction

IT^has' been recognized, at least since Lagrange,f that a
bodyjn a gravitational field, having one moment of inertia

less than the other two, experiences a torque tending to align
the axis of least inertia with the field direction, and that the
moon is an example of such a gravitationally stabilized
satellite

In trying to use this idea to stabilize a near-earth satellite
so that one side always faces the earth, the most difficult
practical problem is not that of obtaining sufficient restoring
torque to override perturbing torques, but is that of capture
and damping That is, one must expect to find that a
satellite newly injected into orbit will have arbitrary orienta-
tion and arbitrary angular velocity with respect to the local
vertical To capture the satellite orientation, its axis of
least inertia must be brought near enough to the vertical, and
its angular velocity with respect to the local vertical must
simultaneously be brought near enough to zero so that the
subsequent libration will not be of sufficient amplitude to
turn the desired face away from the earth Following cap-
ture, it is still necessary to provide a damping mechanism
to reduce the librations to a tolerable level

It is undoubtedly possible to develop a method using active
guidance and control in order to achieve capture and damp-
ing However, for reasons beyond the scope of this article,
the author has preferred to develop methods that are as
nearly passive as possible So far, it has been found neces-
sary to use different principles to damp the components of
libration in the plane of the orbit and normal to the plane of
the orbit In what follows, we shall discuss a method that is
effective in the plane of the orbit This method was em-
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f According to Routh (Ref 1, p 376), the French Academy
of Sciences offered a prize in 1764 for a "complete" theory of the
moon's libration a prize that was subsequently won by Lagrange
Apparently, "complete in this context meant a theory capable
of explaining the remarkable phenomenon that the plane of the
moon's orbit, the moon's equatorial plane, and the plane of the
ecliptic always intersect in the same line It is obvious that a
basic understanding of the gravitational stabilization of a satellite
must have existed long before this time The present writer
regrets that he does not have the library resources to discover
the original references on this topic The writer also regrets that
many recent publications on this subject, including some by
himself, are merely rediscoveries of the work of the eighteenth
century giants Routh,1 Chap XII, gives all of the results about
gravitational stabilizing torques needed for this paper Other
references2 3 may be more readily available to the reader Since
this paper is not primarily about gravitational stabilization per
se, no attempt is made to cite recent developments

bodied in two satellites launched to date (March 17, 1963)
In neither case was gravity gradient stabilization achieved,
because of component failures, but in the case of one of them
(1961 ar)2), it was possible to obtain satisfactory tests of the
damping mechanism

A magnetic method that is effective in damping librations
normal to the plane of the orbit, but not in the plane of the
orbit, has been developed by R E Fischell of the Applied
Physics Laboratory, and will be described in a forthcoming
paper

Qualitative Description of the Method

If an oscillatory motion is difficult to damp directly, it
can still be damped by coupling it strongly to another os-
cillation that can be damped A second oscillation of this
sort readily can be provided for librations in the plane of the
orbit

Consider the configuration of Fig 1 In it, a prolate
satellite of mass M is considered to be in counter-clockwise
orbital motion, at a distance R from the center of the earth;
let the line from the center of the earth to the satellite make
the angle 6 with an inertial reference X axis The long axis
of the satellite makes the angle <p, positive in the sense shown
in the figure, with the direction of R

Suppose that a helical spring of length I has one end at-
tached to the outer end of the satellite, at a distance L from
its center of mass, and has its other end attached to a mass
m Assuming that the spring is always extended along a
straight line, let ^ be the angle between it and the satellite
axis, which is positive as drawn in the figure As the satellite
librates, the outer end of the satellite tends to move relative
to m, thus exciting longitudinal oscillations in the spring
Since it is possible to make the spring have high losses, and
since it is impossible for the satellite to librate without making
the spring oscillate, this system should provide damping of
the libration

The following qualitative argument suggests that this
mechanism is effective only in the plane of the orbit: sup-
pose that m <C M, so that the orbital motion of M is hardly
affected by the spring action Then the force tending to
stretch the spring is primarily the centrifugal force on m
The spring force, and hence the damping action, is then ap-
proximately proportional to the square of the angular ve-
locity of the spring, that is, to

(6 + <p + i/O2 = 02 + 2d(<p + i/O + (<p + i/O2

02 is independent of the libration, and produces a constant
force on the spring The term 26(<p + \f/) is linear in the
libration amplitude, and hence provides approximately linear
coupling and damping The final term is higher order, and
does not lead to useful damping

In the analogous expression for librations out of the plane
of the orbit, 6 is absent, and the effect is proportional to
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(<f> + *A) 2 This is always of high order, and provides little
effective damping

To be effective, it is necessary that the spring constant be
comparable with the product of m by the gravitational field
gradient, making the excursions of m comparable with the
dimensions of the satellite The reason for this is that the
rate of energy loss in the spring is governed by the maximum
potential energy of the spring The maximum force ^max ex-
erted by the spring is approximately independent of the
spring constant, being dominated by the product of m and
the difference in the strength of gravity across the satellite
Since the potential energy of the spring is •jFmaxZmax, and we
want to make this large, we must make Zm x large However,
if lm x is much larger than the satellite dimensions, the
satellite can librate without changing I appreciably, leading
to poor damping

Hence, we expect to find an optimum spring constant,
and that the corresponding lm x will be comparable with the
dimensions of the satellite, with a spring constant comparable
with m times the gravity gradient For the current genera-
tion of satellites, the spring constant needed is in the range
of 0 1 dynes/cm or 10 ~4 nt/m or 10 ~5 Ib/ft Such a spring
is exceedingly weak by ordinary standards, and cannot even
support its own sea-level weight This fact frustrates effec-
tive prelaunch testing of the damping mechanism

Two damping systems involving springs have been con-
sidered earlier Roberson4 discusses the form of the equa-
tions for a mass, coupled by a spring, and constrained to move
along a straight line in satellite-fixed coordinates Paul5

considers two point masses joined by a spring Although
the line joining the two masses is stabilized in this way, the
orientation of the masses themselves is not It is the attitude
of one of the masses that must be stabilized in most applica-
tions

Equations of Motion
We now wish to set up the equations of motion for libra-

tion in the plane of the orbit The system altogether has
five degrees of freedom: two for the center of mass of M,
two for m, and one for the libration angle <p Let XiYi be
the inertial coordinates of M, and X2F2 those of m The
equations of motion for the coordinates of M and m are

for My and

/R^Xi + T cos(0 + <p

/R^Y! + T sin(0 + <p

= ~(mgR 2/r2
8)X2 - T cos(0 + <p

= -(mgR 2/r2
3)F2 - T sin((9 + <p

(D

(2)

for m In (1) and (2), g denotes the surface value of gravity,
R the earth's radius, T the tension in the spring, and r2 the
distance from m to the center of the earth

The satellite is subject to two torques One is the libra-
tion torque (Ref 1, p 370):

libration torque = - (f ) (0#e
2/#3) (A ~ (3)

where A is the transverse moment of inertia and C the axial
(that is, about the line L) moment The other torque is pro-
duced by the spring, and amounts to TL sin^ Since 6 +
<p measures the orientation of L with respect to inertial co-
ordinates, the remaining equation of motion is

A(S + = TL )(gR - C) sin2<? (4)

The system of Eqs (1, 2, and 4) must be solved simultane-
ously

If we assume that M is infinite compared with m or T7, we
can solve Eqs (1) independently of (2) and (4) That is,
the orbital motion is unaffected, in the limit, by the libration

Fig 1 Configuration of the system for damping librations
in the plane of the orbit

and the oscillations in the spring We shall make the further
simplifying assumption that the orbit is circular J Then
R and 0 are constant, and the solution to Eqs (1) is simply

Xi = R cos# Yi = R sin0

co = (gR,*/R*)U*
(5)

Since R + L cos<p + I cos(<p + ^) is the coordinate of m
along the direction of R (the local vertical), and L sin<p + I
sin(<p + \l/) is the perpendicular coordinate, it is straight-
forward to eliminate X2F2 as coordinates in favor of l,\f/ At
the same time, we approximate r2 by the vertical coordinate
R + L cos<p + I cos(<p + \l/)t thus neglecting quantities of
order greater than one in L/R and l/R Equations (2) then
become

<pL
2t(<p

cos<p \f/) —

- 3co2[L cos?
(T/m) cos

cos(<p
= 0 (6a)

<pL sm<p

i/O + 2co[— L
I cos(<p + \}/) - l(<p + ^) sin(^ + ip)] +

(T/m) sin(^ + ^) = 0 (6b)
Using the results of Eqs (5) in Eq (4),

V = (LT/A) smt - (3co2/2)[l - (C/A)] sin2<p (7)

Spring Properties

In the absence of losses in the spring, we shall assume that
the tension T exerted by the spring is proportional to I It
would, of course, be possible to form the spring in such a way
that the tension vanishes for some value of I other than zero,
but this seems to be an unfavorable procedure If the tension
vanishes for some I less than zero, the effectiveness is de-
creased; if the tension vanishes for some I greater than zero,
the initial potential energy of the spring must be dissipated
as well as the libration energy, increasing the time needed
to damp the motion

If the spring has losses, the tension must be a function of
I as well as of I The only functional form of I and I that we

t Damping of the free librations should hardly be affected by a
moderate eccentricity Of course, with an eccentric orbit, there
are also "geometric" and forced librations (see Ref 1, p 372)
These should be of first order in the eccentricity They are not
treated in this paper
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can handle conveniently in this analysis is

T = kl + 2BI (8)

If we choose a value of B that depends only upon the spring
characteristics and upon no other circumstances, we should
be assuming viscous damping

Actually, the dominant mode of energy loss for oscillatory
motion of the spring seems to be elastic hysteresis rather than
viscosity The basic law governing this phenomenon is
that, when the spring is forced to undergo a complete cycle
of oscillation, the amount of mechanical energy converted into
heat is roughly proportional to the maximum change in
potential energy of the spring during the oscillation, at least
for small oscillations If the motion is not damped too
rapidly, this law can be written as AE7 = — 7#max/cycle,
where E refers to energy, and 7 is characteristic of the spring
material

For any specified cyclic process, it is possible to find a
viscous coefficient B in Eq (8) that will give rise to the same
losses as 7 when the losses are averaged over an entire
cycle The resulting value of B will depend not only upon
the spring but upon the type of motion, and must be used
with caution

We shall assume that the spring length undergoes a si-
nusoidal oscillation of the form I = IQ + h sin ft When the
spring, of spring constant k, is forced to go through such a
cycle, we shall assume that it is necessary to supply energy,
which will be dissipated, of amount ATF = 7 J/bZi2, admitting
that this applies only roughly If the applied force has the
form of Eq (8), we readily calculate

ATT = fFdl = fFUt

(9)

Substituting into the earlier form of AW,

B = (7/4*0 (A;//)
Before proceeding further, it is desirable to remark that

the spring will have some length other than zero when all
librational motion has ceased To observe this, and to
calculate the equilibrium length, set <p, \I/, and all derivatives
equal to zero in Eqs (6a, 6b, and 7) , replacing T by its value
from Eq (8) It is easily seen that the resulting equations
require that I have the value 10, where

The explanation of this is that, at equilibrium, when M
and m are separated by the radial distance L + 10, a tension
must be supplied between them in order to keep them in
circular orbits of different radii with the same period One
can easily calculate that this needed tension is 3mco2(L +
lo) Since the only source of tension is the spring, the spring
tension MQ must equal the required tension This result
has the immediate corollary that k > 3co2m in order to have
a stable system

Dimensional Variables, Linearized Equations

Define a dimensionless time r by

r = wf (10)

The period of the orbital motion is then 2ir in terms of T
Further, let

K = k/moo* /3 = jB/mco

X = l/L Ao = lo/L (11)

a- = mL*/A G = f [1 - (C/A)]

From the preceding discussion, X0 and K must satisfy

X0 = 3/(x - 3) K > 3 (12)

Using these dimensionless variables, with a prime denot-
ing a derivative with respect to T, we find upon solving Eqs
(6a, 6b, and 7) for A", W, and <p",

X" = -<£>" sin^ + (<?')2

2<p' cosiA + 2\(<p'
3 cos(<p +

= -V'(A + cosi/O - (<p'
2\'(<pf + i/O - 2<p'

3 sin(<£>

+ \(<p' + i/O2

O - K\ - 2/3X'
\f/)]

(13)

- 2X' -

This is the final form of the equations of motion needed for
studying librations of large amplitude

Librations of large amplitude have been studied, using
numerical procedures, by J L Vanderslice of the Applied
Physics Laboratory, and a paper on this subject is expected
soon In this paper, we shall analyze librations of small
amplitude To do so, let

X = A + Ao
and use the customary approximations sin a = a, cos a = 1
for any angle a We then neglect all powers of A, <p, and
\l/ beyond the first, but do not neglect terms like A0<£", etc

Solution of the Equations for Small Amplitude
In order to solve the linearized form of Eqs (13), substi-

tute

A = (14)

We shall expect to find three different values of v, with cor-
responding values of the ratios A^/AV and A^/Ap, and with
the general solution being a linear superposition of the special
solutions (14) v will be complex

Performing the substitutions, one finds the standard re-
sult that Ap, A&, and A^ satisfy three linear homogeneous
equations, which can have a nontrivial solution only if the
determinant of the coefficients vanishes, leading to

26% + 3 + 4A0

[21 <
27cr(/iVAo)

46%
+ 18o>2>J = 0 (15)

with JJL = 1 + Ao
Solving Eq (15) presents v as a function of four param-

eters, Ao, G, a-, and f$ It is hardly possible to make further
progress without further simplification One realistic simpli-
fication can still be made For a given mass of satellite,
one gets the maximum stability if A/C is as large as possible
It is quite feasible to make A/C greater than 100; it is then
quite accurate to neglect C/A in the expression for G [Eqs
(11) ], making G equal to f

It will be convenient to write Eq (15) in the form,

Pi(p2) + 2/3z> P2(^2) = 0 (16)
The definitions of PI and Pz, polynomials in v2, are obvious

Motion without Damping
If /3 = 0, let the corresponding values of v be VQ The v0

satisfy Pi(*>o2) = 0 By direct substitution with G = f. we
find

Pi(0) = 27(/i/Xo)(l + er/i)

Pi[-3(/VA0)(l + cr/i)] = 36(/*/Xo)(l + CTM)
Pi(-»)

Since 3(/z/A0)(l + o>) > 3 for all physically possible values
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Fig 2 Schematic representations of the normal modes
at the phase of maximum libration, i e , at maximum
angle with the same sense as the orbital motion When
<P is a maximum, the small mass is always at its equilib-
rium distance, as indicated by the designation IQ The
direction of motion of the mass at this phase is shown by

the arrow

of the parameters; PI has three negative real zeros Writing
these as — ai2, — a^, and — a3

2, the values of the a's are
ordered in accordance with

0 < a^ < 3 < a2
2 < 3(M/X0)(1 + 07*) < «32 < «> (17)

We shall find shortly that a^ > 7, a tighter restriction than
is given by (17)

There are thus three normal frequencies ai, aZ} and a3, with
six values of VQ given by ±iai, ± ia^ ±ia3 Substituting
±ia for v, with ft = 0, and combining the two solutions so
as to make <p, \f/, A. real, we find

<p =
cos(ar — (18)

A = - [P2(-a2)/2A0 sin(ar - 5)

in which Av and d are arbitrary P2 is the function defined
byEq (16)

The form of the normal modes is indicated schematically
in Fig 2 In mode 1, the lowest frequency mode, if/ is in
phase with (p\ in the other two modes, ^ and <p are exactly
out of phase A is always 90° out of phase with \f/ and <p, so
that the spring has its equilibrium length when the libration
is at a maximum In modes 1 and 3, the spring length is at
equilibrium and decreasing when the libration is at its
maximum, as shown by the arrows The spring is at its
minimum length when the satellite axis is vertical and rotat-
ing opposite to the sense of the orbital motion; it is at its
maximum when the librational angular velocity has the same
sense as the orbital angular velocity In the intermediate
mode 2, the behavior of the spring is exactly reversed

The physically allowable range of x is from 3 to °° Ac-
cordingly, we can develop power series for the a's in terms
either of x — 3 or of 1/x We do so by expanding the co-
efficients in the function Pi(^2) in powers of the desired
variable, doing the same for v2, substituting into PI = 0, and
equating the coefficients of each power to zero In develop-
ing the series for the highest frequency mode, it is convenient
first to change the variable v2 to v2 + 3(/*/Xo)(l + o>) A
few terms in the resulting series for each a2 are displayed in
Table 1

33 3.5 6 8 10 20 30 40

Fig 3 Dimensionless frequencies of the normal modes of
oscillation, as functions of the dimensionless spring
constant The cuives are series approximations; the

points are accurately calculated

Values of the ex's given by the series tabulated in Table 1
are shown by the curves plotted in Fig 3 for the special case
cr = 2 Individual points shown plotted in Fig 3 are sample
values calculated accurately by finding numerically the zeros
of PI It is seen, at least for this special case, that the fre-
quencies are adequately represented by the series, even in the
intermediate range of a For a3, the curve plotted is given
by [3(/i/Xo)(l + o-M)]1/2, which is the first term in both
series, that is, for the series by powers of \/x as well as
by powers of x — 3 This single term is seen to represent
o-z accurately over the full range of x

As x increases from 3 to <», cti increases monotonically
from 0 to 31/2, 0:2 increases monotonically from 71/2 to co,
behaving like x112 for very large x a3, by contrast, ap-
proaches oo as x approaches either 3 or co, and has a mini-
mum at an intermediate value To the accuracy with which
0:3 is represented by the single term plotted in Fig 3, this
minimum is 31/2[cr1/2 + (1 + cr)1/2]7 and occurs at x = 3 +

Approximate Damping Coefficients

Equation (16) implicitly defines v as a function of ft] for
small ft, it is sufficient to expand v as a power series in ft,
stopping with linear terms If v$ denotes dv/d/3, the desired
expansion is v = VQ + v$ Q/3, where v$ 0 is the value of v$ for
ft = 0, and PQ is the value (or one of the values rather) of v
obtained in the preceding section for /3 = 0 To evaluate
v$ o, we differentiate Eq (16) with respect to ft solve for vp,
and evaluate at ft = 0 This gives vpo = —P^(v(f) -r-
PiW), where PiW) means dPi(v0*)/d(v<fl v$Q will, in
general, be different for each different mode

Table 1 Power series for the squares of the normalized frequencies a. (a. is number of librations per orbital period)

Function
expanded

a2
2

In powers

• 1 7^^

3Xo(1 + <r") + Q«(X

(r 3) ' - 64~V- -/

of % - 3

0\3)

Q\3)

3? 1 16 ~ 24<r X3) ' 8lT' X

192(r + 108<r2. „.,
729,3 (- »)*

In powers

12<r
(1 + 0")^

4 -
<r

M 4 16 +

of 1/x
24<r(6 + o-)

(7

12o- + So-2 + 24o-3

Xo cr <r3(l + <r)x
128 + 208cr + 228o-2 + 404<r3 + 292o-4 + 24<r5 + 108o-6

0-6(1 4 - o-)2x2
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Table 2 Power series for the normalized damping coefficients

Coefficient

47H72/7

47H73/Y

In powers of K — 3
33/2

7i>2(x _ 3)1/2

^ + 3-M_(« - 3)

4U - 3)7'2|~ 7 - 24(7

77 - 180(7 + 240(7^ Q,2~l
216(7* U ^ J

In

12(7

312(1 + (

4 T 24
o-2(l + <r)1 /2«1 /2L

1280 + 2432o- + 1944a2 4
8<74(1

powers of \/H

[1+ 18 + 6-]
1 2

+ 24<7 + So-2 -f 21<r3

2(72(1 + 0>

- 2640<73 + 2112(74 - 36(75 H
+ o-)2%2

h 315o-6~|

-I

By direct substitution, one sees from Eq (15) that Pz(v0
2)

can be written as

P20o2) = Ao(?o2 + 3) K2 + 3(M/Xo)(l + O-M)]
still for the value G = f Using the particular values of PI
listed in Ref 17, we see that Pi' > 0 at the value of p<j2 near-
est zero From the forementioned, we see that P2 > 0 at
the same point. Proceeding similarly, we see that P^/Pi >
0 at all of the zeros of PI Hence, v$ „ is a negative real num-
ber for each mode, and each mode of oscillation has a damping
coefficient given by ^P^(yf)/P\(yf)

It is interesting to observe from Eqs (18) that the damping
coefficient for each mode is proportional to the amplitude
of the spring oscillations for each mode, as it should be

We have not yet related ft to the characteristic hysteresis
constant 7 of the spring material From Eq (9), ft =
(y/£ir)(k/f) f is referred to time t, rather than to T In
terms of ex. as used in the preceding section, f — aco Finally,
ft = B/mu from Eqs (11) Putting all of these together,
ft = (y/4tfc)(K/a), and we can define a damping coefficient
77 for elastic hysteresis by

That is, when 77 r = 1, the amplitude of oscillation has de-
cayed by a factor of e The values of 77 which go with a\,
a2, oiz will be denoted by 771, 772, 773, respectively

The quantity 4^77/7 can be expanded as a power series in
x —- 3 or 1/x, for each normal mode A few terms in each
of the resulting six series are given in Table 2

In Fig 4, the curves are values of 47777/7 calculated from
the series listed in Table 2, for the special case a = 2 already
used Individual points in Fig 4 are calculated accurately
by numerical methods The accuracy of the series for the

10 r

30 40

Fig 4 Dimensionless damping coefficients of the normal
modes of oscillation, as functions of the dimensionless
spring constant The curves are series approximations;

the points are accurately calculated

77's, especially for mode 3 is not as good as for the frequencies
themselves This is to be expected; in the language of
quantum mechanics, the frequencies depend only upon the
energy levels, whereas the damping coefficients depend upon
the shape of the wave functions It is always more difficult
to approximate the wave functions than the energy values

In particular, the damping coefficient 773 is difficult to
represent accurately This comes from the fact that 3(/x/X0)
(1 + cr/z) is simultaneously a zero of P2(V2), which is pro-
portional to the spring amplitude, and a good approximation
to a3

2 Hence, P2 and 77 are of high order for the third mode,
and are hard to represent In fact, to obtain the series for
47T773/7 in Table 2 required working through fourth order in
\/K and sixth order in x — 3

However, even for 773, one can probably use the series to
obtain values that are accurate to better than 50%, by draw-
ing the curves for the two series and "fairing in" a curve
that joins them smoothly in the intermediate range of x
This process is aided by observing that the quantities within
brackets in the series for 4^773/7 are quadratic in K — 3 and
1/x, respectively After these bracketed quantities pass their
minima, they are thoroughly inadequate representations;
hence the faired-in curve should meet the other curves out-
side of these minima In Fig 4, the minimum for the series
in x — 3 occurs outside the range of the figure That for
the I/K series is shown by the cross mark on the curve

Optimum Parameters of the System

The author will close this paper by discussing briefly the
design of the damping system The parameters available
for choice are K and a x can be given almost any value,
although cr is probably somewhat restricted by materials
and structures If we tentatively ignore any such restric-
tions, we find that the criterion of optimum damping leads
to a unique combination of K and cr If this combination can
be achieved with a reasonable structure, all is well If not,
the optimum values must be somewhat compromised, and the
procedure is first to choose cr on the basis of whatever com-
promises are necessary We then find, with cr chosen, that
there is an optimum K for any cr

Let us first consider optimizing K for a given cr, such as the
value cr = 2 used in preparing Figs 3 and 4 For most
values of x, the values of the 77'$ are all different The 77
that concerns us most is the smallest of the three; because it
is not safe to assume that we can control the initial conditions
accurately enough, we must assume that the amplitudes of
the normal modes will be comparable initially, so that the
libration after a while will be dominated by the mode with
smallest damping

771 approaches oo as x -> 3 As x increases from 3, 772 de
creases, and vanishes like x~l as x -> oo 772 approaches
12/73/2 as x -+ 3, increases as x increases and ultimately
approaches oo like x1/2 773 vanishes like (x — 3)7/2 as x -> 3,
and vanishes like (l/x)112 as x ->• oo, and must have a maxi-
mum somewhere in between For cr = 2, one sees from Fig
4 that the optimum value of x is the value that makes 773 a
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maximum The value of K is about 20, and the value of
47T7?3/7 is about 0 074

Incidentally, before going on to consider the simultaneous
optimization of K and cr, let us estimate the time to damp the
librations with this value of 471-773/7 7 can be made 0 1
or larger with available materials Using 7 = 0 1, 773 =
0 00059 The amplitude thus decays by a factor of e when
T = 1700 rad This corresponds to about 270 orbital periods,
or about 20 days for a near-earth satellite This time is
tolerable for many applications, even though it corresponds
to cr different from the optimum

Now consider what happens to the curves in Fig 4 as cr is
changed From Table 2, we see that 772 is independent of cr
as x approaches either 3 or oo ? and hence depends but slightly
upon cr for any K In fact, 772 need not concern us further
Within the range of K in Fig 4, 771 > 773 However, since
771 goes as 1/jc and 773 as I/KI/Z for larger K, from Table 2,
771 will ultimately become less than 773 For cr = 2, 771 crosses
773 to the right of the 773 maximum.

We would like to make 773 larger than it is for cr = 2 From
the series listed in Table 2, we see that this requires making
or smaller Also, from Table 2, making cr smaller does not
change 771 for small x, but decreases 771 proportionally to cr for
large K Hence, as we decrease a, the point at which 771 = 773
moves to the left, approaching the maximum of 773, at the
same time that the maximum value of 773 is increasing
Hence, the optimum condition occurs § when the curve of 771

§ This argument is not rigorous Certainly, with the entire
773 curve rising with decreasing cr, we can improve matters by de-
creasing cr as long as 7/1 crosses 773 to the right of the 773 maximum
Now denote the common value of 7? i and 73 3, when the intersection

crosses the .curve of 773 at the maximum of 773
tion fixes both cr and x

The optimum values are approximately

This condi-

o- = 13 x = 27 = ^ = 0 203 (20)

The characteristic damping time, with v = 0 1 as before, is
T = 619 rad, corresponding to 98 orbits or about 1 week
As R E Fischell of the Applied Physics Laboratory will show
in a forthcoming paper, values of 7 near 0 5 are probably
achievable This value of 7 reduces the damping time to
about 20 orbits, or 1 4 days
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occurs at the 773 maximum, bync If we further decrease cr, since
the entire??3 curve is still rising, the intersection of rji and rj3 might
correspond to a larger value thanr?c, even though the intersection is
to the left of the maximum in^3 when^3 is considered as a function
of K alone Much laborious calculation would be required to settle
this point It is clear that the criterion described in the text is close
to the optimum
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A substantial class of optimal programming problems has been treated successfully by the
steepest-ascent computation procedure introduced in Refs 1 and 2 Inequality constraints
on functions of the control and/or state variables have been treated by several investigators
through the use of integral penalty functions In this paper such constraints are included
in a manner which is naturally consistent with the necessary conditions for an extremal solu-
tion Calculation of the influence functions on terminal quantities takes into account that
portions of the path are on the constraint boundary An appropriately modified version of
the steepest-ascent technique of Ref 2 is then constructed Numerical solutions to two at-
mospheric entry trajectory problems are given, using both the direct method of this paper and
the penalty function method

1 Introduction

A SUBSTANTIAL class of optimal programming prob-
lems has been treated successfully by the steepest-

ascent computation procedure proposed in Refs 1 and 2
These problems involve determining control variable pro-

grams to maximize a terminal quantity, with certain initial
and terminal quantities specified Solutions are obtained
by successive improvements in the control variable pro-
grams

This paper presents an extension of the procedure to handle
problems in which there is an inequality constraint on a
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